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Abstract. We construct spectral metric spaces for Gibbs measures on a one- 
sided topologically exact subshift of finite type. That is, for a given Gibbs 
measure we construct a spectral triple and show that Connes' corresponding 
pseudo-metric is a metric and that its metric topology agrees with the weak-*- 
topology on the state space over the set of continuous functions defined on the 
subshift. Moreover, we show that each Gibbs measure can be fully recovered 
from the noncommutative integration theory and that the noncommutative 
volume constant of the associated spectral triple is equal to the reciprocal of 
the measure theoretical entropy of the shift invariant Gibbs measure. 



1. Introduction 

In this paper we contribute to the on going research on formulating a noncom- 
mutative fractal geometry. The starting point of our investigations is the work of 
Antonescu-Ivan and Christensen [T] where the metric aspects of a spectral triple 
for an AF (approximately finite) C*-algebra are considered. 

One aspect of noncommutative geometry, or more precisely, the notion of a 
spectral triple, is to analyse geometric spaces using operator algebras, particularly 
C*-algebras. This idea first appeared in the work of Gelfand and Naimark [16], 
where it was shown that a C* -algebra can be seen as a generalisation of the ring 
of complex-valued continuous functions on a locally compact metric space. In the 
1980s Connes [ini [H] formalised the notion of noncommutative geometry and, in 
doing so, showed that the tools of Ricmannian geometry can be extended to certain 
non-HausdorfF spaces known as "bad quotients" and to spaces of a "fractal" nature. 
In particular, Connes proposed the concept of a spectral triple. 

Definition. A spectral triple is a triple {A,H,D) consisting of a C*-algebra A, 
which acts faithfully on a separable Hilbert space H, and an essentially self-adjoint 
unbounded operator D defined on H with compact resolvent such that the set 

{a G A : the operator [D,TT{a)] extends to a bounded operator defined on H} 

is dense in A. (Here tt : A — > B{H) denotes the faithful action of A on H .) 

Connes showed that with such a structure one can obtain a pseudo-metric on the 
state space S{A) of A, analogous to how the Monge-Kantorovitch metric is defined 
on the space of probability measures on a compact metric space. In 1998 RiefFel 
[55] and Pavlovic [3^, independently, established conditions under which Connes' 
pseudo-metric is a metric and established conditions under which the metric topol- 
ogy of Connes' pseudo-metric is equivalent to the wcak-*-topology defined on 5(^4) 
- Theorem 12.31 In the situation that Connes' pseudo- metric is a metric we call the 
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spectral triple a spectral metric space. Further, Connes noted that the Dixmier trace 
provides the proper analogue of integration in the contexts of a spectral triple and 
developed a notion of dimension, called metric dimension. To justify that his ap- 
proach was the correct approach, in |10[ I12j he proved that for an arbitrary smooth 
compact spin^ Riemannian manifold there exists a spectral triple from which the 
metrical information, the measure theoretical information, the smooth structure of 
the manifold and much else can be recovered. This illustrates that a spectral triple 
allows one to move beyond the limits of classical Riemannian geometry. That is to 
say, not only is one able to recover classical aspects of Riemannian geometry, but 
through the notion of a spectral triple one is able to extend the tools of Riemann- 
ian geometry to situations that present themselves at the boundary of classically 
defined objects, for instance, objects which "live" on the boundary of Teichmiiller 
space (such as the noncommutative torus, see also |2Q]) or those of a "fractal" na- 
ture (such as the middle third Cantor set). Although one of the original motivations 
for noncommutative geometry was to be able to deal with non-Hausdorff spaces, 
such as foliated manifolds, which are often best represented by a noncommutative 
C*-algebra (see [121 123 iMj |40j [21]), this new theory has scope, even when the 
C*-algebra is commutative. 

1.1. A brief history of a fractal noncommutative geometry. In Connes' sem- 
inal book |12j . the concept of a noncommutative fractal geometry is introduced. 
Consequently, a remarkable amount of interest has developed in this subject. In 
Chapter IV of [T^], numerous examples are given to indicate how fractal sets can 
be represented by spectral triples. Connes' examples include non-empty compact 
totally disconnected subsets of M. with no isolated points, Julia sets of endomor- 
phisms of the complex plane and limit sets of Fuchsian groups of the second kind. 
Subsequently, in 1997 Lapidus [26] proposed several ways in which the notions of a 
noncommutative fractal geometry could be extended, after which several important 
articles on the subject appeared. For instance, Guido and Isola [IH] analysed the 
spectral triple presented by Connes for limit fractals in R which satisfy a certain 
separation condition. (Note that such sets are non-empty compact totally discon- 
nected and have no isolated points.) There, the authors investigated aspects of 
Connes' pseudo-metric, the metric dimension and the noncommutative integral of 
Connes' spectral triple. In [T7] this construction and analysis is extended to limit 
fractals in M", for n G N. In [15] Falconer and Samuel have modified this construc- 
tion to describe multifractal phenomena. Further, Antonescu-Ivan and Christensen 
[1] have provided a construction of a spectral triple for an AF C*-algebra with par- 
ticular focus on aspects of Connes' pseudo-metric. In [3] the authors give several 
examples of spectral triples which represent fractal sets such as the von Koch curve 
and the Sierpihski gasket. There, the authors showed that for such sets the Haus- 
dorff dimension can be recovered and that Connes' pseudo-metric induces a metric 
equivalent to the metric induced by the ambient space on the given set. More re- 
cently, in [5] the authors adapt Connes' spectral triple to represent the code space 
{0, 1}^ equipped with an ultra-metric d. There it is shown that an adaptation of 
Connes' pseudo-metric gives rise to a metric equal to d. Further, they proved that 
the box-counting dimension can be recovered and that a noncommutative integra- 
tion theory gives rise to an integral with respect to the normalised (5-dimcnsional 
Hausdorff measure on the metric space ({0, 1}'*', d). (Here, S denotes the Hausdorff 
dimension of ({0, 1}"^, d).) 
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1.2. Main results. We generalise the notion of a Haar basis which is well estab- 
lished for the the middle third Cantor set to the setting of a one-sided topologically 
exact subshift of finite type (Ej^ , a) equipped with a Gibbs measure fi^ for a Holder 
continuous potential function G C(E^;IR) - Theorem 13.51 Using such a construc- 
tion, in Theorem 14.11 we refine the methods of Antonescu-Ivan and Christensen [1] 
and derive a spectral triple for each such measure space. From such a representa- 
tion we shown that a variety of geometric and measure theoretic information can 
be recovered. In particular, Theorem 14.21 shows that Connes' pseudo- metric, given 
by our spectral triple, is a metric on the state space S{C{'Sji ; C)) of the C*-algebra 
C(T,^; C), and that the topology induced by this metric is equivalent to the weak-*- 
topology defined on iS(C(S,<i ; C)). Hence, the spectral triple we provide is a spectral 
metric space. In Theorem 14.31 it is shown that the metric dimension of our spec- 
tral triple is equal to one and that the noncommutative integration theory of our 
spectral triple is capable of recovering the measure v^. Moreover, it is established 
that the noncommutative volume constant is equal to the reciprocal of the measure 
theoretical entropy of z^^ with respect to the left shift a. 

1.3. Organization of paper. Our work is organised as follows. In Section [2] we 
define the notion of an unbounded Fredholm module and the notion of a spec- 
tral triples. We then introduce Connes' pseudo metric, the metric dimension and 
Connes' noncommutative integration theory. In Section |3l a review the theory of 
the theromodynamic formalism on shift spaces as developed by Bowen and Ruelle 
[6l [71 135] is presented. It is here that we include the description, of the generalised 
notion, of a Haar basis for a one-sided topologically exact subshift of finite type 
equipped with a Gibbs measure. We also introduce the relevant notions of renewal 
theory and deduce two useful counting results for topologically exact subshifts of 
finite type - Corollary 13.101 and Corollary 13.131 In Section UJ we construct a spec- 
tral triple for a topologically exact subshift of finite type equipped with a Gibbs 
measure for a Holder continuous potential function and present the geometric and 
measure theoretical results (Theorems 14.31 and 14 . 2 p as described above. 

2. Unbounded Fredholm modules and spectral triples 

In [TOl [m [12] Connes extends the notion of a compact metric space to the setting 
of C*-algebras and unbounded operators on Hilbert spaces. This is done in terms 
of unbounded Fredholm modules and spectral triples. 

Definition 2.1. Let A denote a unital C*-algebra. An unbounded Fredholm module 
{H, D) over A, consists of a separable Hilbert H , a faithful *-rcprcscntation tt : A — )■ 
B{H) and an operator Z?, called a Dirac operator, such that the following hold. The 
operator D is an essentially self-adjoint, unbounded linear operator with compact 
resolvent, such that the set 

{a & A : [£',7r(a)] is densely defined and extends to a bounded operator on H} 

is norm dense in A. A triple (A, D) with the above description is called a spectral 
triple. 

By Gelfand and Naimark's classification theorem for C*-algebras [16] it is nec- 
essarily the case, that given a C*-algebra A there exists a Hilbert space H and 
a faithful *-representation tt : A ^ B{H). Since such a ^-representation is not 
necessarily unique, it is important to specify the ^-representation. For this reason 
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we occasionally use the notation {A, H, tt, D) for a spectral triple. Also, observe 
that in Definition 12. II it is not necessary for the C*-algebra to be unital. 

The compact resolvent property of D in Definition 12.11 can be regarded as a 
generalisation of the ellipticity property of the standard Dirac operator defined on 
a compact smooth Riemannian manifold (see [27]). The condition that the closure 
of [D, 7r(a)] is densely defined and extends to a bounded operator is analogous to a 
Lipschitz condition (see [4l [27]). 

Often Definition 12. II is strengthen to include a summability statement. Let p > 
be given. A spectral triple (A, H, D) is said to be p-summable if and only if 



(1) tT{^{l + D^) < oo; 
it is called {p, +)-summable, for p > 1, if and only if 

, N 

(2) hmsup-— -^a, ((l + Z?2)iM 
and it is call (1, +)-summable if and only if 



1 ^ 

(3) limsup^E-^((l + ^^)^^^)<- 



fc=i 



Here, for a Hilbert space H, an operator T G B{H) and /c G N, we let crfe(T) denote 
the k-th largest singular value, including multiplicities, of T. A spectral triple is 
called finitely summable if ([T]) holds for some real p > 0. This is equivalent to there 
existing a p > such that 



N 



< oo. 



The proof of this equivalence is given by the following analytic result on sequences. 

Lemma 2.2. Let {xk}keN denote a monotonically increasing unbounded sequence 
of positive real numbers and set 

di := sup < a ^ : limsup — ^ = cx) > , 

\ iv^oo In(iV) J' 

d2 := infJa^O : limsup ^^^i^^=ol, 
\^ N-^oo In(iV) J 

^3 := inf |a ^ : ^ Xk^" < oo| = sup |a ^ : ^ a;fe^" = cxd| , 
di := [liminf ^ ] (where we use the convention that l/oo = 0). 



fe->oo In(fc) 

// any of the above are positive and finite, then they are all equal. 

Proof. The proof of this lemma is a simple analytic exercise on sequences. □ 
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2.1. Connes' Pseudo Metric. In this section we describe Connes pseudo-metric 
on the state space of a C*-algebra A which is induced by an unbounded Fredholm 
module {H, D) over A. 

A compact metric space X naturally embeds into the state space S{C{X);C) 
of C{X;C) and by the Riesz Representation Theorem we have that S{C{X);C) 
coincides with M{X), the space of Borel probability measures on X. By the Banach- 
Alaoglu Theorem this space is weak-*-compact. Moreover, letting Lip{X; C) denote 
the subset otC{X; C) consisting of Lipschitz continuous functions and letting Lip(/) 
denote the Lipschitz constant of / G Lip(X;C), the Monge-Kantorovitch metric 
given, for all ji^v & M{X), by 

dMK{^.,v) -supjy fdfi- J fdv : / G Lip(A:; C) with Lip(/) < l|, 

defines a metric on M{X) whose topology coincides with the weak-*-topology. 

Analogously, given a spectral triple {A, H, tt, D), Connes defines a pseudo- metric 
d : SiA) X S{A) R given, for each p,qG S(A), by 

d{p,q) ■— sup{|p(a) — q{a)\ : a Q A and [Z),7r(a)] is densely defined and 

extends to a bounded operator with norm 5^ 1}. 

The term pseudo-metric is used since d{p, q) is not necessarily finite for all p,q £ 
S{A). Conditions under which Connes' pseudo-metric is a metric are given by 
Rieffel and Pavlovic and are re-stated in the following theorem. 

Theorem 2.3. (Rieffel [33] and Pavlovic [30]) For a spectral triple {A, H, tt, D) the 
following hold. 

(1) Connes pseudo-metric is a metric if and only if the set 

Ad '■= {a £ a : [Z?, 7r(a)] is densely defined and extends to a 

bounded operator defined on H with norm ^ 1}. 

has a bounded image in the quotient space A/{zl : z G C}, where I denotes 
the unit of A. 

(2) The topology induced by Connes pseudo-metric d coincides with the weak- 
*-topology on S{A) if and only if the set Ad has a totally bounded image 
in the quotient space A/{zI : z G C}. 

Definition 2.4. A spectral triple {A, H, D) is called a spectral metric space if 
Connes' pseudo-metric is a metric. 

2.2. Infinitesimals, Measurability and Dimension. Recall that the Hausdorff 
dimension of a subset E of M" is given by 

inf{s > : n'{E) ^ 0}, 

where denotes the s-dimensional Hausdorff measure (see [Mj for more details). 
The Hausdorff dimension defines a geometric characteristic of the set E, and as we 
will see, is also encoded in the Dirac operator of a spectral triple. 

In this section, we introduce the expectation of a compact operator which arises 
within the theory of operator algebras and then present the definition of the metric 
dimension of a spectral triple introduced by Connes [12]. Having developed these 
notions, we are then able to define the noncommutative integral which is defined 
only for a finitely summable spectral triple. 
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In the theory of operator algebras, and hence, nonconimutative geometry, the 
notion of an expectation/integral of a positive compact operator T € K{H), defined 
on a complex separable Hilbert space H, is given by the coefficient of logarithmic 
divergence of the singular values of T. In particular, the ideal of compact operators 
K{H) provides the "infinitesimal" of noncommutative geometry. Heuristically, in 
setting of "standard" geometry, an infinitesimal is an "object" smaller than any 
feasible measurement and not zero in "size" , but so small that it cannot be dis- 
tinguished from zero by any available means. As a matter of interest, we remark 
that the founders of calculus, Euler, Leibniz, and Newton initially formulated the 
theory of calculus using infinitesimals. However, the notion and definition was 
foreshadowed in Archimedes' script The Method of Mechanical Theorems. 

Early attempts to define an expectation within the theory of operator algebras 
(see [36]) used ordinary traces of Hilbert space operators, where trace-class operators 
were thought to be the analogy of integrable functions. However, it soon became 
apparent that this is not sufficient. In 1966 Dixmier |13j found other tracial states 
that are more suitable. He noted that to appropriately define an expectation within 
the theory of operator algebras, one must suppress infinitesimals of order higher 
than one. In particular, one wants to find the coefficient of the divergence rate of 
the singular values of an infinitesimal operator of order one. 

Definition 2.5. Let H denote a complex separable Hilbert space and let K{H) 
denote the ideal of compact operators in B{H). Then T G K{H) is an infinitesimal 
of order s > 0, if there exist positive constants ci, C2 such that, for each fc S N, we 
have that 



Definition 2.6. The Dixmier ideal of a separable Hilbert space H is denoted by 
C^'^{H) and is defined by 



For a state lA/ on /°°(R^) satisfying the conditions of [HI Theorem 1.5], we define 
the 'W -Dixmier trace of a positive linear operator T G C^'^{H) by 



whereby, following convention, for {xi,X2, . . . ) G Z°°(]R^). we set 

Lim^(a;i,a;2,...) := W {xi, X2, . ■ .)■ 

For a general operator in C^'~^{H) the -Dixmier trace is defined to be the natural 
complex linear extension of Tr^ . (Here M."^ denotes the group of positive real 
numbers under multiplication.) 

Definition 2.7. Let H denote a complex Hilbert space and let / denote an ideal 
of B{H). A singular trace on / is a linear functional T with domain / such that 
the following hold. 

(1) T vanishes on operators with finite dimensional range. 



(2) If Ti , T2 G / are such that lim^^oo {Ti)/ak (T2) = 1, then 1 {Ti) = T (T2). 

(3) If Ti,T2 G / have the property that crk{Ti) < crfe(T2) for all but a finite 
number of fc G N, then T(Ti) ^ T(r2). 




< 00 
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(4) For all Ti,T2 G /, we have that T {T1T2) = l{T2Ti). 

Theorem 2.8. (Carey-Philips-Sukochev [9|) Let H denote a complex separable 
Hubert space and let W denote a state on satisfying the conditions of 

[9l Theorem 1.5]. Then the Dixmier ideal C^ '^{H) is an ideal of B{H) and the 
functional Tr,„; is a singular trace. 

Remark. The current state of the art on Dixmier traces can be found in [SJ IH] • 

We now define the notions of a measurable operator and the operator algebra 
analogue of an expectation. 

Definition 2.9. If T e C^-^iH) and if Tr,^ (T) is independent of W , meaning that 
the limit 

hm 

exists, then we call T measurable. The noncommutative expectation of a measurable 
operator T G C^'^{H) is denoted by ^ T and given by 



T := hm ^^=1"'-^^^ 



The metric dimension of a spectral triple {A, iJ, tt, D) is given by the non-negative 
positive integer 6 to which the singular values of |1 -|-/?^|~*/^ form a logarithmically 
divergent series. However, such a number does not necessarily have to exist. In 
fact, the metric dimension only exists if the spectral triple is finitely summable. 

Definition 2.10. Let {A, H, tt, D) denote a finitely summable spectral triple. Then 
the metric dimension (sometimes called the spectral dimension) of [A, H, tt, D) is 
defined to be the non-negative real number 



S{A,H,D) := inf |p> : tr((l + i:'2)-''/^) < ooj 
= sup |p ^ : tr((l + D^Y^I^) = ooj 



= supL^O : limsup-^Va,((l + i?2)-P/2)^^| 

= inf L ^ : hmsup ^^((1 + i?^)-"/^) = o| . 

Remark. The dimension of a spectral triple can take the value zero. The two 
circumstances under which the dimension is equal to zero are the following. 

(1) The singular values of (1 + _D^)^*/^ converge to zero exponentially fast, see 
[2] for examples of this case. 

(2) The algebra and the Hilbert space are finite dimensional, in which case the 
Dirac operator is a self-adjoint matrix. Such spectral triples have been fully 
classified and the classification can be found in [28l [23l [19] . 

In the case that there does not exist a positive real number i5 such that {1 + D"^)^^^^ 
is an infinitesimal of order one, one examines wether there exists a positive number 
t such that e~*^ is of trace-class. If this is the case, one says the spectral triple is 
of infinite dimension (see [H] [12] for further details on spectral triples with infinite 
metric dimension). 



8 



M. KESSEBOHMER AND T. SAMUEL 



For a p-summable spectral triple {A, H, tt, D), the operator \D\^^ generalises the 
notion of a volume form and the Dixmier trace of the operator \D\^^ generalises 
the notion of a volume. 

Definition 2.11. Let {A, H,Tr, D) denote a finitely summable spectral triple with 
non-zero metric dimension S and let 'n' denote a state on Z°°(R!j^) satisfying the 
conditions of [HI Theorem 1.5]. Then the W -volume of {A, H,tt, D) is defined by 

V.^, = V^,iA,H,D) Tr„.(|i^r'), 

where the Dixmier trace is taken over the ideal £^'+(ker(L))-'-) C B{H). If \D\^^ is 
a measurable operator, then the noncommutative volume constant of (A, D) is 
defined by 

V = V{A,H,D) ■.^j-\D\-\ 

where the noncommutative integral is taken over the ideal £"'^'"'"(ker(D)^) C B{H). 

The noncommutative integral given by an unbounded Frcdholm module over a 
unital C*-algebra A is defined as follows. 

Definition 2.12. Let (A, H,tt, D) denote a finitely summable spectral triple with 
non-zero metric dimension S and let denote a state on Z°^(R^) satisfying the 
conditions of [9l Theorem 1.5]. Then the W -noncommutative integral of an element 
a G A with respect to the unbounded Frcdholm module (H, tt, D) is defined to be 
the complex number 

(6) TT^{7ria)\D\-'). 

Here, the Dixmier trace is taken over the ideal £^'+(ker(Z?)^) C B{H). If 7r(a)|£'|^'' 
is measurable then we refer to the common values of the Dixmier traces as the 
noncommutative integral of a with respect to the unbounded Frcdholm module 

Remark. Let {A, H, tt, D) denote a finitely summable spectral triple with non-zero 
metric dimension 5. If is a measurable operator, then it is not necessarily 

the case that 7r(a)|£'|~'^ will be a measurable operator, for a E A. 

2.3. Connes' prototype example. The prototype of such a structure is given by 
the following theorem, and justifies the commonly used statement. Spin geometries 
are commutative non- commutative geometries. 

Theorem 2.13. (Connes [IHIIIS]) Let M denote a compact, smooth, orientable, 2n- 
dimensional manifold equipped with a spin'^ structure, let A denote the C* -algebra 
of continuous complex-valued functions defined on M , let H denote the complex 
Hilbert space generated by the spinor fields of M and let D denote the square root 
of the Laplace- Beltrami operator (given by the Levi-Civita connection). Letting 
TT : j4 — )■ B{H) denote the *-homomorphism given by pointwise multiplication, we 
have that (A, i?, tt, D) is a p-summable spectral triple. Moreover, one recovers from 
the non- commutative setting the following geometric information. 

(1) The metric dimension is equal to 2n. 

(2) Connes' pseudo-metric induces a metic equivalent to the Riemannian met- 
ric on M . 
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(3) For each a £ C°°(M;C), we have that 

(a)|Z?|-2" = ((n - l)!2"7r"n)-i / a ★ (1), 
where * denotes the Hodge star operator. 



M 



3. Thermodynamic formalism and renewal theorems in symbolic 

dynamics 

Fix / G N and let Si := [aj_k]j.k denote an irreducible, aperiodie, I x / matrix 
of zero's and one's, called the adjacency matrix for the alphabet S := {1, 2, . . . ,1}. 
Define S;, to be the space of all infinite sequences taking values in the alphabet 
{1,2, ... ,1} with transitions allowed by J? , that is, 

S>i := |w (a;i,a;2,...) e H't^'^'-'-'^J' • = 1 for all fc G n| . 
For each fc g N we define the set of admissible fc- words by 

:= jx := (a;i,X2,...,Xfc) e ]^{1,2,...,/} : a^r^^xi+i = l| 
and the set of all admissible finite words by 

feGN 

Furthermore, for each fc e N and each x := {xi,X2, ■ ■ • ,Xk) & Sj, we define the 
cylinder set of x by 

[x] := {u -.^ {uji,uj2,u;3, . . .) eY,>i : {uji,u;2, . . . ,UJk) ^ {xi, X2, . . . , Xk)} . 

The space is compact with respect to the topology T generated by the cylinder 
sets and this topology is metrizable [H]. For instance consider the metric d : 
S;, X — >■ M given, for uj,v € S;^ , by 

d{uj,t>) 1^2^"^'^, 

where uj Av := max{sup{n G N : w, u e [cc], for some a; G S"}, 0}. 

The shift map cr : E^, — > is given, for each uj :— {uji,uj2, . . . ) G S,q , by 

cr(a;) (a;2, Ws, . . . )• 

The map a is continuous and surjective and at most Z-to-one. We call the dynamical 
system {'E;i,a) a topologically exact suhshift of finite type. Finally, we define a map 
a : S* — N, for each fc G N and each x := {xi,X2, ■ . . , Xk) G , by 

ie{1.2,.. J} 

We may interpret a{x) as the number of "children" of a given a; G S* . 
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3.1. The Perron-Probenius-Ruelle Operator and Equilibrium Measures. 

In this section we introduce tlie notions of a Gibbs measure and an equilibrium 
measure defined on the space as well as the Perron-Frobenius-Ruelle operator 
for a one-sided, topologically exact subshift of finite type (I],q,cr). We will see that 
the existence of eigenmeasures of the dual of the Perron-Frobenius-Ruelle operator 
proves the existence of Gibbs measures, where topological pressure appears as the 
logarithm of the corresponding eigenvalue. The results of this section were originally 
presented in the work of Bowen [SI [7] and Ruelle [3S] . 

To introduce the notion of an equilibrium measure we require the concept of 
entropy of a measure as introduced by Sinai j39j and Kolmogorov |22| and the 
notion of a Gibbs measure. Let AAa- := M (S^ , tr) denote the set of cr-invariant Borel 
probability measures on S;, . Then for fi G Ada we define the measure theoretical 
entropy of fi with respect to a to be the non-zero real number given by 



h^{a) lim j V -n{[x])ln(p[x] 



k^OQ k 

This limit always exists since the sequence (X^^es'' ln(A'H))'ceN is subaddi- 

tive. For a topologically exact subshift of finite type there always exists a unique 
measure of maximal entropy pL (also called the Parry measure) which maximizes 
the measure theoretical entropy, that is, h^{a) — sup^^g^^ h^{a), see for instance 
[291 141] . In certain situations, this measure is the combinatorial measure, that is, 
the measure which weights a cylindrical set [x] with measure l/card(Ej), for each 
a; G . Such situation include the full-shift-space and symbolic representations of 
Schottky groups. 

In order to introduce the class of Gibbs measures for a one-sided, topologically 
exact subshift of finite type we define the Birkhoff sums of a function (p G C(E;, ; R). 

Definition 3.1. For e C(E^;R) and k e No, let Sk4> : E^ ^ E denote the A:-th 
Birkhoff sum of 4> defined, for uj G E^. by S'o0(w) := and for fc ^ 1 by 

fe-i 

Theorem 3.2. (Bowen [7]) Let (E^,(t) denote a one-sided topologically exact sub- 
shift of finite type and let (f> G C(E;5;M) denote a Holder continuous function. Then 
there exists a Borel probability measure fx^ on T,^ and a uniquely determined number 
P{4', cr) G [0, oo) associated to (j), such that for some c > 1, we have that 

^ ' ^ gS,0(a;)-fcP(0,a) ^ 

for each fc G N and for each lo := (wi, a;2, . ■ . ) G E,q . Moreover, to each Holder con- 
tinuous potential function (j) G C(E^;]R), there exists a unique a-invariant measure 
satisfying the inequalities given in Equation 

We refer to a measure satisfying the inequalities given in Equation ([7|) as a 
Gibbs measure for the potential (j). Further, each such Gibbs measure will have 
strictly positive entropy and the uniquely determined number P{(j)^ a) is called the 
topological pressure of 0, which is also characterised by the variational principle, 

(8) P{(l),cr) = sup|/i^(cr) + J (l>dfi : i-i E Mc 
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If there exists a measure v ^ Ma, such that 

(9) P{<P,(t) = K{a) + [ <i)dv, 

then we call an equilibrium measure for the potential (f>. Setting = 0, it is 
well-known that there exists a unique equilibrium measure associated to 0, this 
measure is the measure of maximal entropy. 

Definition 3.3. For each </> G C(S,q;R), define the Perron- Frohenius-Ruelle oper- 
ator : C(I];,;M) ^ C(I];,;M), by 

and denote the dual of the Perron- Frobenius-Ruelle operator by 

By the Riesz Representation Theorem we may identify the positive linear func- 
tionals on C(I]j?;R) with the finite Borel measures on and since C,p is 

positive linear operator on C{Ti^ ; R), we identify C*^ as an operator on the space of 
finite Borel measures. Let M(S;,) denote the space of Borel probability measures 
on 

Theorem 3.4. (Bowen [2i and Ruelle |35j ) Let (I]^,cr) denote a one-sided, topolog- 
ically exact subshift of finite type and let (j) £ C{T,ji;M.) denote a Holder continuous 
function. Then the following hold. 

(1) There exists a unique Borel probability measure fj,^ e M(Tia_) such that 

(2) The unique measure pi^ is a Gibbs measure for the potential (p. 

(3) If ^ is a Holder continuous function cohomologous to (j) with respect to 
a, then the associated Borel probability measures, given in part 1, are 
equal. (Recall that two continuous functions (jijip £ C(I]j5,M) are called 
cohomologous if there exists a continuous function f S C(Ej, ; K) such that 
(j>-i' ^ f - f oa.) 

(4) There exists a unique strictly positive eigenfunction of Cfj, such that 
jC^ihtj,) = e^^'^''^^h^ and such that 

/ h^d^.^ = 1. 

(5) The potential function (p has a unique equilibrium measure v^. Moreover, 
Vfj, is given, for each B G B (the Borel a-algebra generated by T, the set of 
cylinder sets ofTj^i), by 




Hence, if (pjip G C(I]^;C) are cohomologous, then their associated equilib- 
rium measures are equal. 
(6) The unique equilibrium measure for the potential (j), given in part 5, is a 
Gibbs measure for the potential 4>. 
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(1) (See also \20\ I31j and reference within.) The function p := : M — K 
defined for each t GR, by p{t) :~ P{t(j)), is a convex, real analytic function 
where 

pit) ^ I <i)dvt^, and p"{t) = lim jVar^ (Skcj))- 
Here, 

where E{Sk{(t>))'-— Ski(t>)di'trf> denotes the expectation of Sk{4>) with re- 
spect to Vtfji- 

Remark. The limit lim^-^oo Var^^^ iSk4>) /k always exists and is called the asymptotic 
variance of (Skfp) with respect to vt^, j31| . 

3.2. A Haar basis for subshifts of finite type. In what follows, we develop 
an essential notion which will be required in Section |4l This notion is that of a 
generalisation of a Haar basis for the middle third Cantor set to the setting of a 
one-sided topologically exact subshift of finite type. 

Throughout this section let (Ej, , cr) denote a one-sided, topologically exact sub- 
shift of finite type and let fi^ denote a Gibbs measure for a Holder continuous 
potential cj) G C(I];5;R). Further, we make the following definitions and fix the 
following notation. 

(1) For each fc £ N and each x := {xi,X2, . ■ . ,Xk) G S^, fix a bijection 

0, : a^,.y = l}^{l,2,...,a{x)}. 

Observe that for each a; G S* , the function dx places an ordering on the 
"children" of x. 

(2) For each fc G N and each a; G S^, define the weighted inner product (•, ■)x : 

^a{x) X ]ga{oo} ^ K by 

and observe that the set 

:= :jG{l,2,...,a(z)}} 

forms an orthonormal basis for (M"(^\ (•, where Sj^k denotes the j-th 
standard unit vector in M.'' and where [x6~^(j)] denotes the cylinder set 
[{xi,X2,...,Xk,9-^j))], for j G {l,2,...,fc}. 

(3) For each a; G S* , let il^ denote the set defined by 

ilx {U : R"^^^ — > R"^^^ : is hnear and has positive determinant, 

(C/(v), (7(u)), = (v, u), for all v, u G R"(") 
and - (m0(N))-V^(1, 1, . . . , 1)}} 

and fix a family (Ux),j.^^t, where Ux G ^x- 
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(4) For each {x,j) e Uygs;{y} ^ {1,2, ... ,a{y) - 1}, define 



by 



fc=l 



Here, for each j/ £ S* , we let denote the characteristic function on the 
cyhnder set [y]. 

Following convention, throughout this article, for each a G C(S^;C), we will also 
let a denote, where appropriate, the equivalence class 



/ : — > C : / is a measurable function and / | / — a| di^iif, = 



of L'^{'Sa , B, fi^), where B denotes the Borel cr-algebra generated by T. We will also 
view, without loss of generality, the elements of 
valued functions. 



L /i^) as complcx- 



Remark. For each fc S N \ {1} and each x € there exists a canonical choice for 
Ux. We construct this canonical choice in the following manner. Assume that M'^ 
is equipped with the standard Euclidean inner product, for k G {2, S, . . . ,1}. We 
will now show how to construct a (canonical) sequence of linear transformations 



(14 )Li, where Ffe 



and such that each Vk satisfies the following. 



(1) Vk is orientation preserving. 

(2) For every x,y G K*-', we have that {Vk(x), 14 (y)) = {x, y). 

(3) y,(0,0,...,0,l)=n-i/2(l,l,...,l,l). 

For k = 2, one has only one choice for V2, namely 

2-1/2 2-1/2 



V2 



-2-1/2 2-1/2 



For k > 2, assume that Vk-i := 



pfc-i 



pfe-i 



Via 



Wfc-1,1 

V 



wi,fc-i 



has been given, then define 







Vk-\.k-\ 







1/ 



and 



/I 



Ok ■■= 






Vo 





fc-1/2 







e Oik), 



(l-l/fc)l/2 
-(l-l/fc)l/2 fc-1/2 / 

where 0{k) denotes the orthogonal group of degree k over M. We then define Vk to 
be the matrix VkOkV^. This allows us to define a canonical choice for Ux, namely 
the linear transformation S~^Va(x)S, where 

s := dmg(^,^{[xe-\l)])^/',...,^,4[xe-\k)]y/'] 
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Theorem 3.5. The set 

(10) 

{e.,, : {x,j)e[jye^-;{y}x{l,2,...,a{y)-l}} U {(/i4[.T]))-V^l[,] : a; G e] 
forms an orthonormal basis for L^(S^ , B, /i^). 
Proof. For each .t G E, wc have that 

For each (x, j) G Uyes* i?^} ^ {li 2, . . . , a{y) — 1}, we have that 



' Q:(.t) 



ck(x) 

= y^^{fx,k,Ux{fxj))i 

k=l 

- ||C/x(/x.,)ll(...). = 1- 

In order to show that the set given in Equation (jlOp is orthonormal we need to 
check the following cases. 

(1) For X G E and {y,j) G Umee*!^} ^ {I7 2, . . . , «(-«) — 1} we need to show 
that ((/^0(N))~H[^],eyj)2 = 0. 

(2) For (cc, j), (a;,fc) G Uyes*{2/} x {1, 2, . . . , a(y) - 1} with j 7^ fc we need to 
show that {ex,j,ex,k)2 = 0. 

(3) For {x,j), {y, k) G Uues* {"} ^ {1; 2, ... , a(it) — 1} with x ^ y we need to 
show that {ex,j,ey^k}2 = 0. 

Since the proofs of each of these cases are similar we provide a proof of Case 3 and 
leave the other two case to the reader. Suppose that {x,j),{y,k) G Uugs*{"} ^ 
{1, 2, . . . , a(u) 1} with x ^ y, then we have the following cases. 

(a) If [x] n [y] = 0, then it is clear that (e^cj-, ey^k)2 ~ 0. 

(b) If [x] C [y] , then there exists a constant C G M such that 

{ex,j,ey,k)2 

a(a:) 
m— 1 

(c) If [y] C [x], then using a symmetric argument to that given in Part (b), we 
have that {ex,j, ey^k)2 = 0. 

By construction, every characteristic function of a cylinder set can be generated by 
a finite sum of elements of the set 

{ex,j ■■ {x,j)e[jy^^,{y}x{l,2,...,a{y)-l}} U {(^^^([x]))-^^!^^^ : x G e} . 



SPECTRAL METRIC SPACES FOR GIBBS MEASURES 



15 



Therefore, the complex hnear span of the above set contains the set of locaUy con- 
stant functions with finite range, which is L^-norm dense in L^(S];5 , z^^). Hence, 
the result follows. □ 

Definition 3.6. We refer to the basis given in Theoreni l3.5l as a Haar basis for the 
measure space (T,^,fj,^). 

3.3. Renewal Theorems in Symbolic Dynamics. When investigating the non- 
commutative integration theory for our spectral metric space representations of 
Gibbs measures (Theorem 14. 3p we will make use of counting results from symbolic 
dynamics. These counting results are given by two different renewal theorems (The- 
orem [M] and Theorem 

For stating the necessary results, we fix the following notation. Let /x^ denote 
a Gibbs measure for a Holder continuous potential function (j> S C(Ej5;K). For a 
finite word x e S* U{0}, we are interested in the asymptotic behaviour, as r tends 
to zero, of the sums 

(11) T.M:= E 1 

y^iS* with 

and 

(12) S.(r):== E ^^(M)- 

ytzS* with 
M«([y])>'' and [v]C[x] 

Here, when x = 0, we set [x] S^. 

Definition 3.7. For /, g : R — > M and xq belonging to the extended real numbers, 
we say that / is asymptotic to g as t tends to to (and in the case that to ~ ±oo, for 
all t sufficiently large, respectively sufficiently small) if limt^to f{t)/9{t) = 1- We 
write f ^ g as t tends to to . 

Theorem 3.8. (Lalley |25| ) Let (I];,,cr) denote a one-sided, topologically exact 
subshift of finite type and let 4>i £ C(Sj, ) denote a Holder continuous potential 
function with zero pressure. Further, let <j)2 € CCE^i) denote a non-negative but not 
identically zero Holder continuous function. Then there exists a strictly positive 
continuous function C : S^, — > S;, such that, 

fceNo 'uecr-'=(w) 
as r ^ oo, uniformly for lo e . 

Definition 3.9. For /, 5 : R — [0, cxd) and to belonging to the extended real 
numbers, wc say that / is comparable to 5 as t tends to to if there exist constants 
ci,C2 > such that for all t sufficiently close to to (and in the case that to = ±00, 
for all t sufficiently large, respectively sufficiently small), we have that cif{x) ^ 
17(2;) ^ C2f{x). We write / x g as t tends to to 

Corollary 3.10. Under the conditions of Theorem \8.8[ for each x G S* U {0}, we 
have that Tx{t) ^ t^^ as t tends to zero from above. 

Proof. Setting (pi := (p and 02 := the result follows from Theorem l3.8l □ 
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For the next theorem we will make use of a result by Krengel, Rottger and 
Wacker. 

Lemma 3.11. (Krcngcl-Rottgcr- Wacker [l^) Let Yi,Y2,... denote a stationary 
sequence of non-negative random variables withlL{l/Yi) < oo and let Nt :~ sup{fc G 

N : Yi +l2H l-Yfc ^ i}- Then Nt/t converges in L^-norm to l/limfc_^oo k^^iYi + 

Y2 + --- + Yk). 

Theorem 3.12. Let (I],q,cr) denote a one-sided, topologically exact subshift of finite 
type and let € Ma denote an equilibrium measure for a Holder continuous 
potential function (j) € C(I];?;M) with zero pressure. Then for each a; G E* U {0}, 
as r tends to infinity, 

^ l[o,.](-5.>(..))d^,(c.) ~ 

Proof. For a given S C{T,!i] C) It is well-known that there exists a strictly nega- 
tive Holder continuous potential function (j) with zero pressure cohomologous to 4>. 
Therefore, by Theorem l3.4r 5) and by the fact that ||S'fc(/) — 5fe(/)||cx3 is bounded for all 
A; G No, it is sufficient to show the result for (f) a strictly negative Holder continuous 
potential function with zero pressure. The result then follows from Lemma 13.111 and 
Birkhoff's crgodic theorem, where, for fc S N, the random variables Yfe arc defined 
to be equal to —0 o a^~^ with respect to the equilibrium measure v^. □ 

Corollary 3.13. Let (E^,cr) denote a one-sided topologically exact subshift of fi- 
nite type and let denote the unique equilibrium measure on T,^ for the Holder 
continuous potential (f> G C(S;,;R). Then, for each a;€iE*U{0}, asr tends to 
infinity, we have that 

Proof. We may assume without loss of generality that the pressure of (jj is equal to 
zero. The result then follows by an application of Equation Theorem 13.41 and 
Theorem [3T21 □ 

4. Representing subshifts of finite type by spectral triples 

Althought the construction of a spectral metric space given in [T] gives a noncom- 
mutative representation of a one-sided subshift of finite type, the measure theoret- 
ical properties of such a spectral triple essentially encodes the measure of maximal 
entropy. In what follows, we consider a one-sided, topologically exact subshift of 
finite type (S;, , cr) and an equilibrium measure for a Holder continuous potential 
function (f> G C{T,fi;<C). By refining Antonescu-Ivan's and Christcnscn's construc- 
tion, we provide a spectral metric space which represents the metric space (Ej, , d) 
whose measure theoretical properties encode the measure v^. Indeed, by breaking 
down the projections used in Theorem 2.1 of [1] and by relating the singular values 
of the Dirac operator to the i^^-measure of the cylinder sets of T,^ , we prove that 
a spectral triple {A,H,D) := (C(Sj, ; C), , z^^), can be constructed so 

that the following hold. 

(1) Conncs' pseudo-metric is a metric on S{A). Moreover, the topology induced 
by Connes' pseudo metric on S{A) coincides with the weak-*-topology de- 
fined on S{A). 



SPECTRAL METRIC SPACES FOR GIBBS MEASURES 



17 



(2) (A, H, D) is (1, +)-sumniable with metric dimension equal to one. 

(3) The noncommutative integral given by {A, H, D) agrees with the integral 
with respect to v^. 

(4) The noncommutative volume constant of {A,H,D) is equal to l/h^^{a). 
We begin by fixing the following notation. Let /i^ denote a Gibbs measure for some 
Holder continuous potential function (p G C(Sa;R) and let 

{(/i0(N))-'/^l[,] : a;es}u{e,,, : (x, j) e U^^es- {j/l x {1^ 2, . . . , a(y) - 1}} 

denote a Haar basis for L?'{Yj^,B, ji^), as described in Subsection 13.21 Let t^^ : 
C{T,n ; C) — !► C denote the tracial state defined, for each a G CCSji ; C), by 

Then the Gelfand-Naimark-Segal completion of C{Y,ii; C) with respect to r^^ is the 
Hilbert space L^(Ej!, , S, /i^). Define the operator Z?^^ onDom(L'^^), a dense subset 
of L'^{T,^,B,n^), by 
(13) 

Observe that the domain of Dp,^ contains all finite linear combinations of element 
of the given Haar basis, and thus Dp,^ is a densely defined operator. 

^ rz/v K ,, A T, 



Theorem 4.1. The triple (C(S^ ; C), L^(E^ , S, tt, /x^), D^^) is a spectral triple, 



where it : C(E;?;C) — B{L {H^^B^iJ,^)) is given by 'n{a)h := a ■ h, for each 



a G C(E^ ; C) and each h G L'^{Y,^,B, ^^). 



Proof. It is clear to see that the set C(I]^ ; C) equipped with the supremum norm is a 
C*-algebra, that , B, fi^) is a complex Hilbert space and that (tt, L'^{Y,ii , B, /x^)) 

is a faithful ^-representation of C(E^ ; C). Further, we have that the domain of D^^ 
contains all finite linear combinations of element of the given Haar basis, and thus 
D^j,^ is a densely defined operator. Observe that by the properties of a Gibbs 
measure (Equation ([7])), the operator (1 + Df^^)~^/^ is a bounded operator on 
L^(Ej, , /i^) which can be approximated by operators in i3(L^(E^ , 6, /x^) with 
finite dimensional range. Therefore, I?^^ has a compact resolvent. Moreover, the 
sets Ran(Z?^^ ± il) are i^-norm-dense in L^(E,q , i3, /x^). Indeed, this follows since 
D is a linear operator and since we have the following. 

(1) For each x G E, we have that 

(■Dm. ±*1) (y^(1w)Tw(N)1e,) = 

(2) For each {x,j) G Uyes'{2/} ^ {I7 2, . . . , a{y) - 1}, we have that 



a{x) — 1 ± z 

Moreover, we have that is symmetric on its domain. Indeed, for each ft-i, /12 S 
Dom(_D^_^) C L'^{T,a,B,iJ,cj,), a short calculation using the fact that L'^{T,-i,B, ^4,) 
is separable, and hence, that every element can be expressed as a linear (possibly 
infinite) combination of basis elements will show that {D^j,^ (hi), /12) — {hi^D^^ (^2))- 
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Hence, by [32l Corollary to Theorem VIII. 3], it follows that Dfj,^ is an essentially 
self-adjoint operator. Therefore, in order to show that {C{T,ii;C),L^{'S^,B,fj.^), 
D^^) is a spectral triple, all that remains to show is that the set 

A := {a E C{Yia\C) : [D^^,TT{a)] is densely defined and extends to 
a bounded operator defined on £^(2;^ , B, fi^)} 

is norm-dense in C(S^;C) with respect to the supremum norm. To this end, for 
each fc G N, consider the finite dimensional algebra Ck consisting of locally constant 
complex- valued functions spanned by the set {l[x] '■ x £ T,<i} and let Hk denote the 
subspace of £^(I].5[ , B, /i^) spanned by the functions in Ck- Observe that ljj.gpj Ck is 
dense under the supremum norm in C(Sj, ; C) and thus the result will follow, if for 
an arbitrary /c G N and for any / G Cfc, the commutator [D^_^,7r(/)] is defined and 
bounded. Further, observe that by the construction of the Haar basis, for k G N, 
the subspace Hk+i is spanned by the set 



A: 



y y {y}x{l,2,...,aiy)}\ [J :yGS,} 

ni=l aeS"* 



Next, let (3 := sup{(/)(aj) : w G S^,} — P{(t),a) < oo, let c > 1 be the constant given 
in Theorem 13.21 and define nik := ce^*^^, for each fc G N. By construction D^^\Hf,^i 
is bounded with ||-D;j.^ Ih^^i || ^ nik- Further, for all / G Ck and h G Hk+i, it is 
clear to see that h G Dom{[Dfj,^,Tr{f)]) and that \\[D^^,TT{f)]h\\ < 2mfc||/||oo||/i||2- 
Next we observe, for n > k, y € E!J, i G {1, 2, . . . , a(j/) — 1} and x G S*^, that 
[Df_L^,TT{l[x])]ey.t = and hence, [L*^^ , 7r(/)]ej^_i = 0, for aU / G Ck- Therefore, for 
any / G Ck, the commutator [-D/^^ , 7r(/)] is defined and bounded by 2mfc||/||oo on 
Un6N -^M' which is norm dense in L^(Ej, , B, fj,^). □ 

4.1. Metric aspects. The spectral triple given in Theorem 14.11 should be able to 
recover some of the geometric structure of the original space E^,. The following 
theorem shows that this is the case. 

Theorem 4.2. Letting {A,H,D) := (C(S^ ; C), ^^(S;, , B, /z^), Z?^^), we have that 
Cannes' pseudo-metric d is a metric on S{A). Moreover, the topology induced by 
d on S{A) coincide with the weak-* -topology defined on S{A). Hence, the spectral 
triple {A, H, D) is a spectral metric space. 

Proof. The proof of this result is motivated by the proof of [1] Theorem 2.1]. For 
ease of notation, set card(S) =: Z G N and set 

Ad,,^ '-= {a E A ■- [Df^^, 7r(a)] is densely defined and extends to a bounded 

operator defined on H with norm less than or equal to one}. 

Our aim is to show that there exists a constant C such that \\a — J-^ adiJ,^\\oc ^ C, 
for all a G . Since if this was the case, then the quotient norm of a -I- {^l^^ : 

z G C} in the quotient space Adi_,^ / {zls, '- a G A} is bounded above by C. 
Therefore, by the first part of Theorem 12.31 Connes' pseudo-metric d is a metric. 
To this end, let ttq, tti : A ^ A denote the projections given, for each a G A, by 



71-0 (a) 



/ ad^^ls^, and 7ri(a) := ^(/^^([x])) ^ / ad/i^l 

JS, Jlx] 
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Further, for each k € N, let tt^+i : A ^ A denote the projection given, for each 
a e A by 



7rfc+i(a) 

i(x)-i 

fix J dfj.^ 



fc a(a:)-l 
xGE [^1 m=lz:eE'" 7 = 1 



Suppose that there exists a constants C" > and /3 < such that 

k+m—l 



(14) |kfc(a)-7rfc+™(a)l|oo ^ e' 



Tl/3 



for all fcjTO G N and a G Ad^^- Then {TTk{a))keK is a Cauchy sequence in A, with 
respect to the supremum norm. Therefore, the sequence {T:kia))keN is convergent. 
Let b € A denote its limit and observe that 



fc 

(15) 7r(&)ls„ = lim 7r(7rfc(a))ls, = lini V Pm7r(a)ls, = 7r(a)lE^. 



Here Pi : H ^ H denotes the projections given by 

Pi X(//0(N))-i(-,l[,])l[,], 

and, for each fc G N, we let Pk+i : H ^ H denote the projection given by 

ol{x) — 1 

Since is a separating and cyclic vector for the subalgebra 7r(y4) in B{H), it 
follows from Equation (jTS)) that b = a. Now, for each a G -^d^^ , since D^^ls^ = 0, 
we have that 



l^\\[D^^,7ria)]\\ ^ \\P,[D^^,7ria)]\\ 
= \\P,[D,,^,7T{a)]\\ 
^ ||Pi[i?^„^(a)]lsJ|2 
= ||Pii?^,^(a)ls,, -Pi7r(a)i?^,lEj|2 
= ||Pi7^^,^(a)lEj|2, 



where [£'^^,7r(a)] G B{L {T,}i,B, fic/,)) denotes the continuous extension of the 
densely defined operator [£)^_^, 7r(a)]. Further, by the Gibbs property of as 
stated in Equation ([7]), and since jj^ is a probability measure, we have < /^^([x]) < 
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1, for each x G E. Therefore, 
1 ^ ||Pii?^,7r(a)lsJ|2 
= ((Pii^^,^(a)ls, , PiZ?^,^(a)lE, )2Y'^ 

2 



1/2 



E 



1 



/ad^ij, — 2, / ad^ ad^ 



E 




1 


2 


^1/2 




1 


2 


^1/2 




1—1 


2 


^1/2 




1 


2 


^1/2 




1 


2 


^1/2 




1 


2 


^1/2 



sup ■ 



sup ■ 



sup 



adfi^ 



idfiij, 





1 


E 






1 


+ 






1 



1 

adfj.^ 
idfj,^ 



X e s 



\ [ adfi^ (w) - V — j-— [ a 

J'S.si „^\^ J\x\ 



: w G So 



||7ro(a) - 7ri(a)||oo- 

(Recall that I card(E).) Thus, for each fc G N and a G Ad^,^ ■, we have that 

||7ro(a) - 7rfc(a)|[oo ^ lko(a) - 7ri(a)|Ioo + ||7ri(a) - 7rfe(a)||oo 
2 • ^1/2 + _ g^i/2)-i 

Letting k tend to infinity, we then have 

for each a G . Hence, it remains is to show that there exists constants 

I " and /3 < which satisfy Equation ([H)) . To this end, recall that /i^ 

denotes the unique eigenfunction of Ccj, given by Theorem I3.4f 4). Then :— 
4> — P{(j): c) + log /i0 — log h^oa & C{T,^ ; C) defines the strictly negative normalized 
Holder continuous potential function with zero pressure cohomologous to (f>. By 
Theorem I3.4f 5) the measures /z^ and /z^ are equal. Since fi^ satisfies the Gibbs 
property as stated in Equation (O, for some c > 1, we have 

. . . < c2e^''^("'-^'=+i^("V0([^i,c^2, . . .^iOk+l]) 
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for each w := {uji,uj2, ■ ■ ■) G and fc G N, where 7 ird{(j){u) : u G Sj?}. Set 
/3 = sup{(^(u)/2 : w G S^} and observe that since <j) is continuous and strictly 
negative and since is compact, /3 is finite and strictly less than zero. Further, 
by the Gibbs property of we have Ck ■= sup {{fJ^ipiix])) : a; G E^} < ce^'^^, for 
each fc G N. Hence, for each fc, m G N and a G , we have 



k+m-l a{x)-l 



= sup 

11) es.. 



E E E / ae.^^jdfi4,e.^^.j{u) 

n=k kGSJ j = 1 •^^■-1 



fc+rn-1 q(x)-1 

^ ^^P E E E l(a,e(<^j,<^2....,c.;.),i)l|e(a;i,a;2,...,<^„)j('^)l 

fe+rn-1 Q(wi,ti;2,...,i^„)-l 

< sup ^ ^ |(a, e 

.HI 

fe + m — 1 0(1^1 ,tJ2,---,l^n) — l 

< ^ ^ 

fe+m — 1 Q(a;i,iiJ2,----tJn) — 1 

^ ce^'^ sup 5: 

fe+m-l Q(a;i,W2,---,tJ„)-l 

^ sup ^ g„/j ^ 



{^J (^2,...,I^„),j) I 

Ai0([(wi,a;2,...,a;„])i/2 

K*^: 6(wi,ti;2,---,i^„),i)l 



M</,([(wi,W2,...,a;„]) 

e(L^i.L^2,...,c^,,),j)l 
^0([(a;i,W2, . . . ,a;„])' 



Recall that [D^^,7r(a)] ^ B(L B, fj,,f,)) denotes the continuous extension of the 
densely defined operator 7r(a)]. Now since D^^ls^ = 0, we have 



1 > 

5s 



Pfe+i[i?^„^(a)]f 
Pfc+i[i?^„^(a)]|p 
Pfe+i[i?^„^(a)]ls,||^ 
Pfe+iZ?^,^(a)ls, - Pfe+i^(a)i^^,ls, II2 



Pfe+iI?^,4a)lsJ|^ 

a(x)-l ^ 



1 



1 

^7 



' Q;(lJi ,LJ2 , ^n) — 1 

E 



W([(W1,W2, . ■ • ,Wfe)])2 
1 



|(a, e 



(cJl,a;2,...,i^fc) j7 



^0([(a;i,W2,...,Wfe)]) 



I (flj 6(tJi,tJ2,...,a;fc) ,j) I I I 
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for each a G Ad^^ k G N and iv := (wi,W2,---) G S^. Therefore, by setting 
C" = /i/2ce7/2^ we have that 

k~\-ni—l 

hkia) - ^Tk+„^{a)\\oo ^ C ^ e"/^. 

n— /c 

To see that the topology induced by d on Sa coincides with the weak-*-topology 
we employ the second part of Theorem 12 . 31 and show that the image oi Ad under 
the quotient map A A/{zl^^ : z € C} is totally bounded. In fact, this is an 
immediate consequence of the following two properties, which arc easily deduced 
from the above observations. 

(1) For each £ > 0, there exists fc G N such that for any m G No and for each 
a G Ad,,^ , we have that \\a - 7rfc+m(a)||oo < £■ 

(2) For each fc G N, the space TTk{A) is finite dimensional, and so, the closed 
ball of radius 2 • l^/^ + C"(l — e//^)~^ in TTkiA) is norm compact. 

□ 

4.2. The metric dimension and noncommutative integral. In the following 
theorem we consider the metric dimension and measure theoretical aspects of the 
spectral triple (C(E^ ; C), L^(S^ , B, /i^), -D^^), as given in Theorem 14. II 

Theorem 4.3. Let 4> G C7(E^;M) denote a Holder continuous potential function 
and let denote the unique equilibrium measure for the potential (p. Then the 
spectral triple 

{A,H,D) (C(I],,;C),i2(i]^,,i3,i.^),i?^J 
is (I, +)-summable. Moreover, for each a G CCS^'.'C), we have that 

(16) -J-Tr{a)\D^J-^ = T" / ^^'^'P 
and hence (A, H, D) has metric dimension equal to one. 

Proof. For each cc G U {0}, let Tx,'^x ■ (0, oo) -> [0, oo) denote the functions 
that are respectively defined in Equations (|lip and p^ . Let r G (0, 1) be fixed 
and let card(E) =: M G N. For each fc G N and a <E A, recall that crfe(7r(a)|L»y_^ 1"^) 
denotes the k-th largest singular value of the operator 7r(a)|Di,_^ G B(kei{D^^)^). 
Further, since D^^ has a compact resolvent, ak{T!'{a)\D^^\~^) converges to zero as 
k tends to infinity. Therefore, fixing a; G S* U {0}, for each k E N, there exists 
77fc G No such that 

r^" < ak{ak{l[x])\D,J-') < r^""' 

and such that 77^ tends to infinity as k tends to infinity. Hence, there exists a 
positive constant c such that for each sufficiently large iV G N, we have that 

N 

(17) S,(Mr"«-i) ^afe(7r(l[,])|i?.,ri) c + S.(r''") 

fc=i 

and 

(18) ln(T^(Mr''"-i)) In(iV) ln(c + A-fT^(r''" )). 
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The pressure of the potential function — P{(t>, a) is equal to zero and by Theorem 
13.41 we have that the unique equilibrium measure i^0_p(0^cr) for the potential func- 
tion (f> — P{(j), <t) is equal to v^. Using this, the inequalities given in Equations (|17|) 
and (fT5)) and by the results of Corollary 13.101 and Corollary I3.13[ we have that 



JV^oo In(iV) N^oo ln(T:E(Afr''"-i)) 

^.^.^^^ ln(r'>")^4M) ^ ^0(N) 

N-,^ ln(A/-ir-"«+i)/i,,(a) K^(a)' 

By a similar argument, one can deduce that 

W-yoo In(iV) Kf.{CF) 

Therefore, for each a; G E* U {0} we have that the Dixmier trace of the operator 
7r(l[3.])|Z3y_^ 1^^ is independent of the state . Namely, we have that 



i 



Subsequently, by Definition 12. 10[ it follows that the metric dimension of {A,H,D) 
is equal to 1. Now, for each state 'n' (satisfying the conditions of [H Theorem 1.5]), 
the operator defined, for each a G A, by 

aK^Tr,„,(7r(a)|I?,J-i), 

is a bounded linear functional on A. Hence, by the Riesz Representation Theorem 
there exists a finite Borcl measure ly such that, for each a G A, we have that 

TT.„,{Tr{a)\D^J-'^) = / adv. 

Further, the set i? := {[x] : a; G S* } U {0, Sj,} forms a semi-ring on which the set 
function A : i? — > [0, oo) given, for each / G i?, by 

A(/) Tt^{tt{1j)\D,J-^), 

is an additive cr-additive set function. Therefore, since A is also cr-finite, by the 
Hahn-Kolmogorov Theorem, for an arbitrary state W (satisfying the conditions of 
[SI Theorem 1.5]) and for each a G A, we have that 



Namely, for each a G A, we have that 



□ 



Remark. In [5], Bellissard and Pearson presents an alternative spectral triple to 
that considered here, which represents the full shift space (I]°°,cr) on two symbols 
equipped with an ultra-metric. An example of such an ultra metric is given, for 
G by 

d^,{uj,v) := inf{i^0([a;]) : x G S* U {0} and w, f G [x]}. 
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where i^^ is an equilibrium measure for a Holder continuous potential function 
(j) G C(I]°°; R). For such a metric, our results give that the noncommutative volume 
constant of Bellissard and Pearson's spectral triple is equal to 2/h^^{a). Another 
recent construction of a spectral triple, which is also interesting in this context, is 
presented by Sharp in [38| . 
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